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In this paper, new doubly-periodic solutions in terms of Weierstrass elliptic functions are in-
vestigated for the coupled nonlinear Schrodinger equation and systems of two coupled real scalar
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1. Introduction

It is important for practical applications to investi-
gate exact solutions in soliton theory. Presently much
attention is paid to doubly periodic solutions of nonlin-
ear wave equations[1-6, 13]. In this paper we consider
the following two coupled systems of nonlinear evolu-
tion equations:

A) The coupled nonlinear Schrodinger equations [7]
0 19 19

2
ac%+2812¥' Zaéz‘f’ﬁ(l‘f’l\ +2|%[*) % =0,
P) 19
a§%+2352%+(‘%|2+2|%| )¥ =0, (1)

where { is the longitudinal coordinate, while 7 and &
are the temporal and the transverse spatial coordinate.
Pietrzyk [7] used the variational and numerical method
to show that (1) admitts oscillating, self-trapped solu-
tions.

(B) The system of two coupled real scalar fields
[8-10]

Ot — Oxx +2A20° —22%6%9 + (A +u)opx? =0,

1 )
Xt = oo+ S = Apoy + (A+p)e?y =0,
which was derived from the potential form
1 1
U(9,2) = 5A2(9% — 02)2 + ZAu(9? — 02)2
2 2 3)

1241222
+ gt + SHP 0%

Knyzazev and Goncharenko [8] used two transforma-
tions to obtain one-kink and two-kink solutions.

Recently we developed a powerful Weierstrass ellip-
tic function expansion method and its general form in
terms of Weierstrass elliptic functions [11, 12], which
was applied to seek new doubly periodic solutions of
some nonlinear wave equations [14]. This transforma-
tion is more general than the one due to Porubov [1],
To the best of our knowledge, the doubly periodic so-
lutions of the two systems (1) and (2) were not studied
before. In this paper we extend the method to derive its
doubly periodic solutions.

Firstly we simply introduce the algorithm as fol-
lows: For a given nonlinear evolution equation,
F(u, U, Uy, Uy, ...) = 0, we seek its travelling wave so-
lutions u(x,t) = u(&),& = k(x—ct) in the form

u(é) = u(@(8;92,93))
—ao+2( AR(EiG0) +BF ()
+bilA@(E:92,03) +B] ™ )
where n,A £ 0,B,ap, &, b; are parameters to be deter-
mined later, and &(&;02,03) is the Weierstrass elliptic

function satisfying the nonlinear ordinary differential
equation

(2(8)]? =40°(&) — (&) — 03, )

where g2, 03 are real parameters called invariants [12].
According to (5), we can derive the second order
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derivative of g in the form

1
(&))" = 66(8) - 50, ®)
which is useful to solve the following nonlinear wave
equations.

By the leading order analysis we determine the pa-
rameter n. And then we substitute (4) into the function
F along with (5) and (6) and get a complicated expres-
sion. Finally we take the numerator of the expression
to get a polynomial about @' @!(\/A@+B)(i,s =
0,1;j = 0,1,2,...). Setting their coefficients to zero
yields a system of algebraic equations about the un-
knowns. Solving the system, if available, can deter-
mine these unknowns. Thus we can obtain the doubly-
periodic solutions of the given equation in terms of
Weierstrass elliptic functions.

2. The Coupled Nonlinear Schrédinger Equations

To use the above method to seek doubly periodic
solutions of (1), we reduce (1) to a system of nonlin-
ear ordinary differential equations. We make the gauge
transformations

lPl(&a C7 T) = l//l(X) exp(in)7

(E,8,1) = ya(X)exp(iYz), i=+v-1, (7
X=k(E+I{+A1), Yj=0E+Bi+yiT, j=1,2,

where k£ 0, I, A, o, Bi, and ¥ are real parameters to
be determined later. Substituting (7) into (1) yields

) 1
i(K + Ak +koa )y + 5K (L4 A%y
1 1 2 3 2
—(B1+ Ei’f‘i‘ 5“1)‘!’1"' vi+2y;y1 =0, (8a)

. 1 1
i(Kl + ko)) + zkle”— (B2 + zazz)llfz

+y3 + 2y Y, = 0. (8b)

Setting the real and imaginary parts of (8) to zero
yields the relationships

(Xlz—(|+l’)/1), o=, 9)

1 1 1
Ekz(l‘*‘/lz)%/— (B + E?’f"‘ zaf)llfl

+yi+2yyn =0, (10a)

1 1
KW — (Bo+ 502)y2+ y3 +2yfyr = 0. (10b)

To conveniently consider the system (10) we make the
ansatz y,; = Cy (C constant). Then the system (10)
holds provided that

1, 1
a2p1 B4zl 12

= ;o (11
C 1 c3+2C
C(ﬁ2+§0‘22)
which leads to these relationships
222 +1
2 _
C=11
1 1 1 12
Br= (2 4+ 0)(B+ 508) 5B - 508, D
A2 41

Therefore under the ansatz y» = Cy; and the condi-
tions (12), (10) reduces to one equation:

1 2.1 1 2 3 3 _

KV = (Bt 51+ i =0 (13)

Substituting (4) into (13) along with (5) and (6), and
using the leading order analysis we know that n = 1.
Thus we assume that (13) has the solution

vi(X) = y1(2(X;92,03))

=ap+a1/AP(X;02,03) +B (14)
+ by
VAP(X;02,03) + B’
where ©(X;0,03) satisfies
[9(X)]? = 4°(€) — Go2(X) — G, (15)
or
P =66°(X) ~ 300 (16)

With the aid of Maple, substituting (14) into (13) along
with (15) and (16), and equating the coefficients of the
terms @!(\/Ap+B)'(i =0,1;j =0,1,2,3,4,5), we
get the system of algebraic equations

3
T2 (12afa0B" + 24210, 20B° + 4a3B° + 12b7a0B?)
2B+ 517 =0 (17.1)
12a§aOA41_ia2 =0, (17.2)
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- 3 vE 5 (12a3B”A+ 24bZagAB + 72a1b189B?A+ 48a7aBA) — 12a0AB? (B2 + %F) =0, (17.3)
3 (24a1byaoh® + 453A° + 482agAB) — dagh® L2y o 17.4
172 (%Aabiag +4agA% + 48aapA°B) — 2R (B2 +51%) =0, (17.4)
3 (72a1b129BA? + 12a3BA? + 72a2a9B? A% 4 12b3agA?) — 12apA%B (B, + 1|2) =0 (17.5)
1-22 10130 N 180 180 o 250 =0 .
3
Yy (12b;83B% + 12byasB* + 12a;a3B* + 12a,h?B° + 4aB° + 4b3B?)
+ Ekz(lolAgZB2 — 3y A2g3B+ a1 A%g3B? — a1 AgB?) — (4biB® + 4a,BY) (B + %IZ) = (17.6)
- 3 T—z(20a aA'B+ 12a;a3A" + 12byadAt) — 4a1A“(ﬁz+ 2) + 14k2a; A’B = 0, (17.7)
3
43N’ — + APy A = 17.
1-22 + 4K ag 0, (17.8)
3
Yy (8b3BA -+ 20a3AB* + 48b1a2 AB® + 36h;a3B?A + 48a;85AB® + 36a;b?AB?)
- E|<2(|olA2g2|3 + 2a3A?g,B? + 3b A3 — 2a1A%g3B) = (17.9)
- 3 T2 (12a1b3A° 4 48a183A°B + 40a3A3B? + 48b;a2 A3B + 12bya3A°)
1
—(B2+ 5|2)(4b1A3 +162;A°B) — k?(6byA?B — 16a;A?B?) = 0, (17.10)
- 3 T2 (72a183A%B? + 72b,a2A2B? + 36a;b?A%B + 40a3AZB® + 4b3A% + 36b,a3BA?)
—(B+ E|2)(24alAZB2 +12byA?B) + %kz(alA“gg +12a;AB® — ayA’goB — 2byA%g, — 120,AB?) = 0. (17.11)
It is complicated to solve the system by hand, but with , ",
the aid of Maple we easily get three nontrivial solu- _ 1 [36bi(2B+1%)" 2,3
tions. %= 27k 1—A2 8B(2p +1%)7| - (19)
Case 1.
Case3:
ap = bl = Oa a 3& 07
a=0 a#0, by#0,
CK3(A%2-1) B (2B +12)(1 - 22) L
I 9a? ’ A:——k2(1—/12)7
1 2 2 2
O = srgl42Pa+ 17 —K' (2B +1%)), (18) g (2Bt 1P)(L—A%) +18ayby
Case 2: %2
1 [1188aZb?  144a1bi(2f; +I?
ap=a;=0, b #0 A:__%EL 9% =34 ﬂ—l%?_ 1%;%+)
b b) Zﬁg + |2 bl
2\2
1 [ 12622, +12 422 +1%)

3k‘B 1-22
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_ 1 40824a3b3 | 74528505 (2B, +1%) | 432a1by (2B, +1%)?
27k8 | (1—A2)3 (1-22)2 1-2
Therefore we get three types of envelopment doubly periodic solutions of (1) in terms of Weierstrass elliptic

function:
Family 1

O3 +8(2B+1%)%]. (20)

k2(A2 -1
%[ﬁ(xi O2,03) +
22

\/ K2(2A2 +1)

+

(2P + Izg(l — ) exp(iYy),

2 2
_fﬁ(X;QZ»%)%— (24 +1)£§2B2+| )

where oy, By satisfy (9) and (12), g3 is determined by (18), and X = k(§ +1{ + A1), Y; = o4& + BiC + vit
(1=1,2).

ksl
¥ =4

exp(iYz), (21)

Family 2:
202+1
by exp(i(oa€ + 1 + 1)) b1\ 777 exp(i(o2 + Bol + 127))
= , o= , (22)
3k’B _ 3K2B _
\/—72B2+|2[0(k(§+IC+7LT)192,93)+B \/—rﬁ_lzp(k(g +1+A7);02,03) + B

where by £ 0, B, |, k, o2, B2, 71, v are constants, o, By satisfy (9) and (12), gz, gs is determined by (19).
Family 3:
[Bk?(1 =A%) @(X;92,93) + (2B2 +17) (1 — A?) — auby] exp(iY1)

3\/—3k2(l — /'LZ)@(X; gz,gg) — (2[32 + |2)(1 — 12) — 18a1b1

¥ _ |22 41 [3K2(1— A2) @2(X; 0o, G3) + (2B2 4 12) (1 — A2) — 9ay by | exp(iY2)
1-22 3,/=3K(1— 22 @(X;02,03) — (2B +12)(1— A2) — 18ash,

where a; # 0, by #0, B, |, k, 02, B2, 11, 12 are constants, X =k(§ +1{ + A1), Yj = ;& + Bj¢+v7(j =1,2),
oy, B satisfy (9) and (12), g2, gs is determined by (20).
In order to better understand the solution (21), we rewrite (21) in the form of Jacobi elliptic functions:

W= —

4 2P +|2(1_12) exp(ivy),

Wy = #wg — (&2 —e3)en?(uX; m)]

= i\/ KD ) (e, een(ux;my) + PEED@R) iy (24)

3 9

where y = /6] — &3, N’ = (& — €3) /(€1 — &3) is the modulus of the Jacobi elliptic function, ej(i = 1,2,3;e; >
& > &) are three roots of the cubic equation 4z% — g,z— g3 = 0.

Because when m— 1, i.e., & — €y, cn(uX;m) — sech(uX), thus the envelopment solitary wave profile can
be written in the form

(2B +1%)(1-A2)
9

exp(iYy),

2(72 _
Yo = i\/w[ez — (&2 — eg)sech?(uX; m)] +
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2 2
oo = i\/—w[ez — (&2 — eg)sech?(uX; m)] +

3

(25)

(2A2+1) 9(2[32 +12) xpiV).

When X — o, we know that |¥12| and | 52| tend to the two constants

i%\/Segkz(lz—1)+(2ﬁ2+|2)(1—12), i%\/(212+1)(—3e2k2+212+1),

respectively.

For the solutions (19) and (20), we can also rewrite
them by using Jacobi elliptic functions so that the
corresponding envelopment solitary wave solutions in
limiting cases are derived. Here we omit them. In addi-
tion, the Weierstrass elliptic function g&(X;g2,093) has
other types of Jacobi elliptic functions, which lead to
other types of envelop solitary wave solutions in limit-
ing cases.

3. The System of two Coupled Real Scalar

(26)

where k, ¢ are constants, and

1
% = s 3247~ 180A°aK (¢ 1))
Family 2:
b
$o = 1

3IC(1-c?)B _ ’
\/Wﬁ(k(x_ ct);92,03) +B

b1£

) = . (28)
Fidds(2) * \/3k2(1—C2)B (K(x—ct);02,03) +B
Similar to (1), according to the above method, when 2)2a2 2 92, Gs

u =2, we can also arrive at the doubly periodic so-

lutions of (2): where k, ¢, B, by # 0 are constants, and

Family 1:

am’y oG —161%a'b? +81%a’B
V 1) " TR
(Pl::l: 7p(k(x_d);927g3)+_78:i17
ar 6 ~19225a%b} — 64.5a°B
&= BRI
K*(1—c?) _ a2
X1 ==*€ Tﬁ(k()‘— ct);92,03) + 5 (27)
Family 3:
b= —3k?(c? — 1) (K(x— ct); g2,03) + 2A2(a® — 6ay by)
T 2/ 3KR(2 1)K — ). 02,0s) + 2A2(a2  12a3Dy)
—3K%(c? — 1) (k(x—ct); g2, 03) + 24%(a® — 6ab
% ( )$2(K( );92,93) ( 1bp) (29)

where k,c,B,a; # 0,b; # 0 are constants, and

1

9= 3@

1

%= 6@ 1)

- 2e/—3K2(c2 — 1) o(k(x— ct); G2, 03) + 2A2%(aZ — 12a1by)’

5 (162.%a" — 384a; b 1 *a” + 2112afbiA"),

5 (—642°%a° + 2304a; by A°a" — 26496a7bi A °a’ + 96768a3b;A°).
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4, Conclusions

In summary, we have extended the Weierstrass el-
liptic function expansion method [14] to two sys-
tems (1) and (2). With the aid of symbolic com-
putation we obtained three types of doubly peri-
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